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In Braginskii extended magneto-hydrodynamics (ExMHD), applicable to col-
lisional astrophysical and high energy density plasmas, the electric field and heat
flow are described by the α, β and κ transport coefficients. We show that mag-
netic transport relies primarily on β‖ − β⊥ and α⊥ − α‖, rather than α⊥ and
β⊥ themselves. However, commonly used coefficient fit functions [Epperlein
and Haines, Phys. Fluids 29, 1029 (1986)] cannot accurately calculate these
quantities. This means that many ExMHD simulations have significantly over-
estimated the cross-gradient Nernst advection, resulting in artificial magnetic
dissipation and discontinuities. We repeat the kinetic analysis to provide fits
that rectify this problem. Use of these in the Gorgon ExMHD code resolves the
known discrepancies with kinetic simulations in the literature. Recognizing the
fundamental importance of α⊥−α‖ and β‖−β⊥, we re-cast the set of coefficients
to find that each of them now shares the same underlying properties. This
makes explicit the symmetry of the magnetic and thermal transport equations,
as well as the symmetry of the coefficients themselves.
Treatment of collisional magnetized plasma with the electron-ion two-fluid approach leads
to a theory of magnetic transport1 as a function of the fluid properties. This collisional
extended magneto-hydrodynamic (ExMHD) theory is based on the assumption that, since
electrons are much lighter than the ions, they will quickly form a sheath around the ion
fluid. The electric field E of this sheath leads to transport of the magnetic field. In ideal
MHD, E = 0 in the fluid rest frame. This implies that the magnetic field B is simply
advected with the fluid flow, although advection along B has no effect.
Other processes in the electron momentum equation, however, lead to greater complexity.
Coulomb collisions give rise to Ohmic resistance. Electron temperature gradients produce
thermoelectric forces, since hotter electrons are less susceptible to collisions. Subsequently,
it was recognized1 that the resistive and thermoelectric processes should be described by
tensors dependent on the direction of B. Typically, ExMHD modelling uses an implemen-
tation given in ref.2, in which E was numerically calculated from kinetic theory and then
fitted with tabulated functions for the resistive (α‖, α⊥, α∧) and thermoelectric (β‖, β⊥,
β∧) transport coefficients. The transport coefficients describe how currents and heat flux
are inhibited and deflected by the magnetic field3.
These additional ExMHD effects are most important in high energy density (HED) plas-
mas such as Z-pinches4, laser plasmas3,5, fast ignition fusion concepts6, dense fusion fuel
hot-spots7 and laser ablation fronts8. The ExMHD magnetic field advection can greatly
exceed that due to the ideal advection with the fluid9. Studies using the ExMHD codes
Gorgon7 and Hydra10 found that heat insulation from self-generated magnetic fields can
significantly change HED plasma temperature profiles. Accurate transport coefficients are
therefore of considerable importance for plasma modelling.
ExMHD results in an intricate set of feedback interactions. This includes, for example,
growth of magnetic fields at the expense of fluid energy11, under processes such as the
thermomagnetic instability12,13. The transport coefficients are also important for magnetic
reconnection14 in the weakly collisional plasma found in galaxy clusters and jets. Laboratory
experiments emulating these magnetized jets15 and the turbulent dynamo process16 also
require ExMHD modelling.
In this work, we show that, rather than α⊥ and β⊥, the primary quantities for magnetic
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2transport are α⊥ − α‖ and β‖ − β⊥. Furthermore, the fits for α⊥ and β⊥ given in ref.2
have the wrong dependence for weak magnetization, so they are not sufficiently accurate to
calculate these quantities. This means that many ExMHD simulations in the literature, for
example those using the Gorgon7,8, CTC17 and Hydra10,18 codes, have suffered inaccuracies
and discontinuities in the magnetic transport. This then invalidates the thermal transport,
indirectly affecting hydrodynamics. Using new, more accurate fit functions, we show that
previous simulations have significantly over-estimated the cross-gradient Nernst advection
and the resulting magnetic field dissipation. Recognizing the importance of α⊥ − α‖ and
β‖ − β⊥, we re-cast the set of coefficients and thus reveal the inherent symmetry between
the magnetic and heat transport, and the symmetry of the coefficients themselves.
The magnetic transport is described by the tensor ExMHD generalized Ohm’s law, given
by1,2
E = −u×B + J×B
nee
− ∇.P e
nee
+
meα.J
nee2τ
− β.∇Te
e
, (1)
α.J = α‖(J.bˆ)bˆ + bˆ× (α⊥J× bˆ− α∧J), (2)
β.∇Te = β‖(∇Te.bˆ)bˆ + bˆ× (β⊥∇Te×bˆ + β∧∇Te). (3)
The first term in eqn. (1) is the relativistic transformation from the ion fluid rest frame
at velocity u and, taken alone, yields ideal MHD. The full Ohm’s law also depends on the
electron charge −e, mass me, number density ne and temperature Te. In quasi-neutral
plasma ne =
∑
j njZj , where nj is the number density of ion species j with ionization Zj .
There is also the Hall correction, written in terms of the current density J. An electric field
also arises due to gradients in the electron pressure tensor P e. The inertial term has been
neglected.
Coulomb collisions cause the appearance of the final two terms in eqn. (1). The mag-
netic field causes resistivity to depend on the direction, such that the eqn. (2) must be
decomposed into an orthogonal basis set parallel and perpendicular to the field direction
bˆ = B/|B|. Each component has its own dimensionless and positive transport coefficient
α⊥(χ, Z¯), α∧(χ, Z¯) and α‖(Z¯) = α⊥(0, Z¯). Together these describe the magnetized de-
flection and inhibition of the plasma currents. Similarly, the collisional thermal force or
thermoelectric term in eqn. (3) is driven by electron temperature gradients and depends on
the coefficients β⊥(χ, Z¯), β∧(χ, Z¯) and β‖(Z¯) = β⊥(0, Z¯). These are functions of the average
ion charge state Z¯ = (
∑
j njZ
2
j )/(
∑
j njZj) and the dimensionless electron magnetization
χ =
e|B|τ
me
= 6× 1016 |B|T
3/2
eV
neZ¯ ln(Λ)
, (4)
where the electron Coulomb collision time is
τ =
3
√
pi
4
4pi20m
2
ev
3
th
neZ¯e4 ln(Λ)
= 3.4× 105 T
3/2
eV
neZ¯ ln(Λ)
s. (5)
These expressions contain the electron-ion Coulomb logarithm (assumed to be ln(Λ) 1),
the vacuum permittivity 0 and the electron thermal speed vth =
√
2Te/me. The numerical
formulas are given in terms of |B| in Tesla, electron temperature TeV in electron-volts and ne
in cm−3. The magnetization χ gives the relative importance of gyro-motion and Coulomb
collisions.
We now make the standard MHD assumption to retain only slow oscillations and therefore
neglect displacement current, yielding J = c20∇ × B. Following ref.19, manipulation of
eqns. (1-3), using the vector components J = bˆ(J.bˆ) + bˆ× (J× bˆ), leads to the simplified
3form
E =− uB×B +D‖∇×B− ∇.P e
nee
− β‖
e
∇Te, (6)
uB = u− (1 + δ⊥) J
nee
+ δ∧
J× bˆ
nee
− γ⊥ τ
me
∇Te + γ∧ τ
me
∇Te × bˆ,
(7)
where we have defined the magnetic advection velocity uB and the resistive magnetic dif-
fusivity D‖ = mec20α‖/(nee2τ). The required combinations of the α and β coefficients
motivate the definition of the new transport coefficients19
δ⊥(χ, Z¯) =
α∧
χ
, γ⊥(χ, Z¯) =
β∧
χ
, (8)
δ∧(χ, Z¯) =
α⊥ − α‖
χ
, γ∧(χ, Z¯) =
β‖ − β⊥
χ
. (9)
The evolution of B is found via Faraday’s law ∂tB = −∇×E. In order of appearance, the
terms in eqn. (6) are then responsible for advection of B with velocity uB, resistive diffusion
of B, the Biermann battery source term, and the Z-gradient source term20,21. This form of
Ohm’s law has the advantage that the sole appearance of the ExMHD effects, that is, the
⊥ and ∧ coefficients, is within modifications to the magnetic advection velocity uB in eqn.
(7). The coefficients D‖ and β‖ for the other terms in eqn. (6) are equivalent to those of
the simpler resistive-MHD model and do not depend on B.
In addition to the usual D‖ resistive diffusion of magnetic field, the δ⊥ and δ∧ resis-
tive terms alter the Hall velocity −J/(nee) in eqn. (7), both in the parallel and trans-
verse directions. The main effect of the thermal force is the Nernst advection22,23 of B
down the temperature gradient, with coefficient γ⊥. There is also the γ∧ cross-gradient
Nernst advection19,24 along isotherms. This cross-gradient term is important in HED
plasmas10,25,26.
We note that it is not the original α‖, α⊥, β‖ and β⊥ coefficients that are important
for the magnetic transport in eqn. (7), but rather the differences between them. This is
recognized in the definitions in eqn. (9). However, we later show that the fit functions given
in ref.2 are not sufficient to accurately calculate these differences.
The δ and γ coefficients are fundamental in exposing the symmetry of the magnetic and
thermal transport. This becomes apparent when eqn. (7) is compared with the equivalent
expression from the electron heat flow2
qe = −neTeτ
me
κ.∇Te − Te
e
β.J, (10)
The total electron energy flux, including the enthalpy flux and heat flow, is given by Ueue+
P e.ue + qe, where Ue = mene|ue|2/2 + Tr(P e)/2 is the electron fluid energy density and
ue = u − J/(nee). Taking isotropic electron pressure with P e = neTeI and assuming
|ue|  vth, this total energy flux can be written as neTeuq, with
uq =
5
2
u−
(
5
2
+ β⊥
)
J
nee
+ β∧
J× bˆ
nee
− κ⊥ τ
me
∇Te + κ∧ τ
me
∇Te × bˆ
− (β‖ − β⊥) (J.bˆ)
nee
bˆ− (κ‖ − κ⊥) τ
me
(bˆ.∇Te)bˆ.
(11)
Use of the δ and γ transport coefficients now explicitly shows the symmetry between the
magnetic flow [eqn. (7)] and the electron energy flow [eqn. (11)]. After replacing the δ and
4FIG. 1. Plot of the γ∧ cross-gradient Nernst transport coefficient for Z¯ = 1, as calculated from
the kinetic Fokker-Planck simulations. These results are accurately fitted with eqn. (14). Cross-
gradient Nernst advection calculated from the fit functions of Epperlein and Haines2 is only accurate
for χ > 1.
FIG. 2. Plots of the symmetric transport coefficients for Z¯ = 1. δ∧ and γ∧ were calculated using
eqns. (13-14), whereas all of the others can be accurately calculated using the results of ref.2 and
eqn. (8). (a) The Hall coefficients δ⊥ and δ∧. (b) The Nernst coefficients γ⊥ and γ∧. (c) The
thermoelectric coefficients β⊥ and β∧. (d) The Spitzer coefficients κ⊥ and κ∧.
γ coefficients with their β and κ counterparts, these expressions are almost equivalent. The
only differences are the greater coefficient of u and the additional corrections along the field
direction bˆ in eqn. (11), whereas magnetic advection along B is not possible.
It turns out that, by defining the δ and γ coefficients to bring eqns. (7) and (11) into
a symmetric form, the coefficients themselves also become symmetric. To show this, we
must calculate them using eqns. (8-9). The α⊥ and β⊥ coefficients of Braginskii1 result
in limχ→0 δ∧ = limχ→0 γ∧ = 0. Epperlein and Haines (EH)2 later improved the coefficient
dependencies for χ→∞. However, equation (7) shows the importance of accurately calcu-
lating α⊥−α‖ and β‖− β⊥. This was not recognized in the EH fit functions, or in those of
Ji and Held27. As a result, their approximations for α⊥ and β⊥ imply that limχ→0 δ∧ 6= 0
and limχ→0 γ∧ 6= 0, in disagreement with Braginskii.
We now resolve this discrepancy and provide accurate fit functions. Our kinetic results
follow the method of ref.2, in which electrons are treated with the Fokker-Planck equation,
with static ions. Furthermore, the electron distribution function is expanded28,29 into its
isotropic and anisotropic parts via fe(v) = f0(v)+v.f1(v)/v, where v = |v|. The truncation
at first order is valid so long as |f1|  |f0|. This limits the validity to plasma with shallow
5Z¯ 1 2 3 4 5 6 7 8 10 12 14 20 30 60
α‖ 0.5061 0.4295 0.3950 0.3750 0.3618 0.3524 0.3454 0.3399 0.3319 0.3263 0.3221 0.3144 0.3081 0.3015
a0 3.8566 1.4509 0.8226 0.5975 0.4742 0.3997 0.3582 0.3214 0.2763 0.2450 0.2185 0.1857 0.1608 0.1374
a1 4.8675 3.0454 2.8355 2.5790 2.4409 2.3423 2.2302 2.1812 2.0923 2.0465 2.0378 1.9555 1.8942 1.8310
a2 9.7813 8.1847 7.4331 7.0947 6.8718 6.7199 6.6314 6.5429 6.4272 6.3389 6.2580 6.1518 6.0634 5.9722
β‖ 0.7029 0.9054 1.0180 1.0923 1.1456 1.1861 1.2180 1.2439 1.2834 1.3121 1.3341 1.3770 1.4139 1.4547
b0 0.5589 0.1541 0.0792 0.0514 0.0381 0.0303 0.0254 0.0219 0.0176 0.0150 0.0133 0.0105 0.0086 0.0068
b1 1.0599 0.5323 0.3880 0.3231 0.2831 0.2578 0.2398 0.2267 0.2082 0.1955 0.1868 0.1707 0.1582 0.1457
b2 2.1643 1.6846 1.4931 1.3845 1.3173 1.2692 1.2336 1.2056 1.1655 1.1384 1.1180 1.0806 1.0505 1.0189
TABLE I. Parameters for the fit functions of the δ∧ and γ∧ transport coefficients presented in eqns.
(13-14), as a function of ion charge Z¯. The maximum error relative to the kinetic results is 10%
for δ∧ and 8% for γ∧.
gradients, such that vthτ |∇Te|/Te  1 and vthτ |∇ne|/ne  1. This local assumption yields
f0 ' ne/(vth
√
pi)3 exp(−v2/v2th), a Maxwellian at fixed density and temperature. Several
authors30–32 have examined departures from this assumption. In a uniform plasma, f1
reaches a steady state given by
e
me
(
E
df0
dv
+ B× f1
)
− 3
√
pi
4
v3th
v3
f1
τ
+ Cee = 0. (12)
The perturbation f1 reaches an equilibrium between the electromagnetic forces and the
collision operators. The electron-ion collision operator in eqn. (12) is a simple decay of f1
on a timescale τ , whereas the electron-electron operator Cee is more complex and is given
in ref.29.
Equation (12) was solved numerically via an explicit iterative method, using fourth order
numerical integrals and finite differences. The uniform velocity grid extended to 8vth with
a resolution of vth/15. To isolate the α and β coefficients, we assumed a fixed electric field
and a transverse magnetic field. This yielded the steady state f1, which was numerically
integrated28 to find the resulting current J = −(4pie/3) ∫∞
0
f1v
3 dv and heat flux qe =
5TeJ/(2e) + (2pime/3)
∫∞
0
f1v
5 dv. The α and β coefficients are then found from eqns. (1-2)
and (10), using the fact that ∇Te = u = 0. Finally, equations (8-9) are used to calculate the
δ and γ coefficients. This process was repeated for different values of Z¯ and B. The results
for γ∧ are presented in Fig. 1. The kinetic results are plotted alongside the EH estimates2.
It is clear that their fit functions are only accurate for χ > 1. The EH fits are sufficiently
accurate to calculate δ⊥ and γ⊥ with eqn. (8), but should not be used to calculate δ∧ and
γ∧ with eqn. (9). More accurate fit functions for δ∧ and γ∧, with the correct limits, are
given by
δ∧(χ, Z¯) =
χ+ (1− α‖)χ2
a0 + a1χ+ a2χ2 + χ3
, (13)
γ∧(χ, Z¯) =
χ+ β‖χ2
b0 + b1χ+ b2χ2 + χ3
. (14)
Fig. 1 also shows the fit function (14). The ai and bi coefficients, presented in Table I,
were found via a least squares error minimization algorithm. The EH fit functions lead to
inaccuracies in the δ∧ cross-Hall and γ∧ cross-Nernst magnetic transport. Similarly, eqns.
(13-14) are inaccurate if used to calculate α⊥ and β⊥.
The full set of δ, γ, β and κ symmetric transport coefficients are plotted in Fig. 2 for the
case Z¯ = 1. These coefficients, together with α‖(Z¯) and β‖(Z¯), constitute a complete set.
It is now obvious why we have labelled these the symmetric coefficients, since, in contrast to
the (now defunct) α⊥ coefficient, all of them now have the same overall shape. By defining
the δ and γ coefficients to bring eqns. (7) and (11) into their symmetric form, the set of
transport coefficients also becomes symmetric.
6FIG. 3. Magnetic field Bz profiles from two equivalent two-dimensional ExMHD simulations after
2 ns. These used the coefficient fit functions of (a) Epperlein and Haines2 and (b) eqns. (13-14).
Streamlines show the magnetic advection velocity from eqn. (7). (c) Line-outs of Bz, taken along
y at the center of the x axis.
To assess time-dependent effects, the new fit functions were implemented in the ExMHD
code Gorgon19. A test problem was performed to recreate magnetic fields generated at
the edge of an inertial confinement fusion hot-spot; understanding the magnetic dynamics
is essential for assessing fuel thermal energy containment7. A density gradient between
50 gcm−3 and 500 gcm−3 is set along the x direction in a square 60µm Cartesian box, with
Z¯ = 1. The lower and upper x boundaries were held at constant temperatures 2 keV and
1 keV, respectively. This results in a continual flux of heat from low to high x. Boundaries
were periodic in y. A small sinusoidal temperature perturbation was initialized in y such
that the central plane is a fraction 1/60 colder than the edges. Magnetic fields with χ < 1 are
self-generated in the z direction by the Biermann Battery mechanism and are predominantly
advected by the Nernst and cross-gradient-Nernst velocities. The simulation is run for 2 ns
with the results plotted in Fig. 3.
It is interesting to note that in the limit χ→ 0, the EH fit functions2 predict limχ→0 γ∧ 6=
70, giving a finite cross-gradient Nernst velocity ' (τ/me)∇Te× bˆ. At spatial positions with
|B| = 0, bˆ is undefined and so this predicts a discontinuity in uB, shown by the convergence
of streamlines in Fig. 3a. The new fit functions in eqns. (13-14), on the other hand, predict
no such discontinuity in Fig. 3b. This artificial discontinuity also appears in the magnetic
field profile line-outs shown in Fig. 3c.
The two magnetic field profiles differ significantly everywhere, not just at the disconti-
nuity. Fig. 3a predicts a diagonal total Nernst advection in regions with χ  1, whereas
the new fits in Fig. 3b predict a simple Nernst advection ∝ −∇Te. There is only a slight
cross-gradient Nernst velocity (in the y direction) arising in regions with greater |B|. This
shows that, although the absolute least-squares errors of the α⊥ and β⊥ EH fits are small,
getting the correct functional form for χ < 1 is vitally important for the correct magnetic
transport. The EH fit functions, resulting in this incorrect magnetic transport for χ < 1,
have been widely implemented in several ExMHD codes7,24 since their inception.
This miscalculation of cross-gradient Nernst advection has majorly impacted ExMHD
simulations, and is therefore of more than just theoretical interest. Regions of positive and
negative Bz were artificially advected towards each other in Fig. 3a, causing reconnection
and a reduction of the total flux. Fig. 3c shows that use of the accurate fits in eqns. (13-14)
results in doubling of |B| and χ values in some regions. This means that in plasmas with
dominant Nernst advection and 0.1 < χ < 1, ExMHD magnetic heat insulation was wrong
by a factor of two or more in some regions.
Recent two-dimensional kinetic simulations of a laser ablation front33 did not observe
the diagonal Nernst advection behaviour predicted in Fig. 3a. In their simulations with
χ < 0.1, the cross-gradient Nernst velocity was three orders of magnitude less than the
standard Nernst velocity, in agreement with Fig 3b. This remained true even in the denser
plasma regions close to the target, where classical transport theory is expected to hold. A
comparative lack of cross-gradient Nernst advection was also observed in kinetic simulations
of the thermomagnetic instability, both with a Vlasov-Fokker-Planck13 and particle-in-cell34
approach.
In summary, we have shown that, once re-cast into a new set, all of the transport coeffi-
cients have the same behavior. This elucidates the symmetry of the magnetic and thermal
transport in a collisional magnetized plasma. To accurately calculate magnetic transport
for χ < 1, the fit functions of Epperlein and Haines2 must be updated. These previous
fit functions massively over-estimated the cross-Nernst and cross-Hall advection, causing
artificial magnetic discontinuities and dissipation. The new fits also explain the appar-
ent discrepancies between kinetic simulations33 and ExMHD simulations in the literature.
This more natural and accurate description of magnetic transport will improve modelling
capabilities for a wide range of magnetized HED plasma experiments.
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